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We study the problem of estimating the phase shift due to the general relativistic time dilation
in the interference of photons using a non-linear Mach-Zender interferometer setup. By introducing
two non-linear Kerr materials, one in the bottom and one in the top arm, we can measure the
non-linear phase φNL produced by the space-time curvature and achieve a scaling of the standard
deviation with photon number (N) of 1/Nβ where β > 1, which exceeds the conventional Heisenberg
limit of a linear interferometer (1/N). The non-linear phase shift is an effect that is amplified by
the intensity of the probe field. In a regime of high photon number, this effect can dominate over
the linear phase shift.
PACS numbers: 03.67.Hk, 06.20.-f, 84.40. Ua
Metrology is a key driver of technology. Ultimately,
however, the ability to estimate parameters of physical
systems is restricted by quantum mechanics. Quantum
metrology studies how the fundamental bounds on the
resolution of such estimates depend on resources such as
energy [1]. It is hoped that such studies will lead to new
techniques allowing the development of measurement de-
vices of unprecedented precision.
For example, the use of a laser probe to measure a
phase-shift, θ, is fundamentally limited by the quantum
noise of the probe coherent state. The standard devia-
tion of the estimate, 〈∆θ〉, scales with the average pho-
ton number of the probe states, N , as 〈∆θ〉 ∝ 1/√N .
This is known as the standard quantum limit. Very high
laser powers are used in gravitational wave interferome-
ters to exploit this scaling [2]. It is well known that a
squeezed state probe can do better, leading ideally to a
〈∆θ〉 ∝ 1/N scaling known as the Heisenberg limit [3].
Achieving the Heisenberg limit under practical conditions
is extremely demanding.
Recently it has been observed that if there is a strong
non-linear coupling to the probe then energy scalings
better than the conventional Heisenberg limit can be
achieved [4, 5]. These claims have generated some con-
troversy [6, 7]. Never-the-less a spin-based experimental
system has been demonstrated [8]. In the optical do-
main an example is that of probe transmission through
a Kerr medium where it has been shown that estimation
of the non-linear parameter, χ, can be achieved with a
〈∆χ〉 ∝ 1/N3/2 scaling [9]. Whilst this is intriguing,
there have been few proposed applications for such an
effect [10]. Normally we would be interested in estimat-
ing some external parameter – not the strength of the
measurement system non-linearity itself.
In this paper we note that, due to time dilation, the
effective non-linearity of a fixed length of a non-linear
medium is a function of the local gravitational field. This
is in addition to the linear phase that is also a function of
the proper time. We use this effect to construct an inter-
ferometric arrangement that allows one to estimate the
space-time curvature of the field with a scaling beyond
the conventional Heisenberg energy limit of a linear inter-
ferometer [11]. Current techniques for measuring gravity
such as atom interferometry [12] are limited to the stan-
dard quantum limit (SQL). Squeezing and entanglement
could enhance the performance of atom interferometers
[13–16] but only up to the Heisenberg limit.
Consider light propagating through a Kerr non-
linearity in a gravitational field described by the
Schwarzschild metric. We assume that the metric is ap-
proximately constant over the length of the medium. The
Kerr non-linearity constant χ is coupled to the proper
time τ it takes to interact with the medium, as mea-
sured locally [17]. Thus the effective non-linearity be-
comes χ′ = χτ . This essentially means that the effective
non-linearity depends on the curvature of space-time. For
a non-linearity of length L, the proper time as measured
by an observer at radius r = r0, relative to some reference
observer situated at a different radius, is τ ≈ (1− Krs2r0 )Lc
where rs =
2GM
c2 is the Schwarzschild radius and K is a
constant that depends on the position of the reference
observer. We can see that the non-linear coupling is
approximately proportional to the Schwarzschild radius.
The stronger the curvature rs, the stronger the space-
time coupling to the non-linearity. In principle we can
estimate the spacetime curvature using this dependence.
We model the transmission of a coherent state probe
with amplitude α through the medium as the unitary
evolution |αNL(τ)〉 = Uˆ |α〉 where Uˆ = eiχτnˆ(nˆ+1)+inˆkcτ
with nˆ the number operator, and k the wave number of
the optical mode [18]. Hence we find:
|αNL(τ)〉 = e−|α|
2/2
∞∑
n=0
(αeiχτ(n+1)+ikφ(τ))n√
n!
|n〉 (1)
We want to determine the ultimate quantum bound for
estimating rs using non-linear couplings. The bound for
the variance of an unbiased estimator τˆ is determined
by the Cramer-Rao inequality [19]. In quantum infor-
mation theory, for M number of independent measure-
2ments, the inequality is 〈∆τˆ2〉 ≥ 1MH(τ) . Where H(τ)
is the Quantum Fisher Information which represents the
most information obtainable by a parameter for an op-
timal quantum measurement [20]. This type of analysis
determines the local precision [6] i.e. it assumes we start
with a good initial estimate of rs, which we seek to refine.
We determine the Quantum Fisher Information via
[21–25]:
H(τ) = lim
dτ→0
8(1−
√
F(ρ(τ), ρ(τ + dτ)))
dτ2
(2)
where F(ρ, σ) = (Tr(√√ρσ√ρ))2 is the quantum fi-
delity between two density matrices ρ and σ. We want to
determine the QFI for the probe coherent state undergo-
ing the non-linear evolution (Eq. 1). We disregard orders
higher than 2 in dτ as dτ → 0 and Na is finitely large.
Therefore we find the modified fidelity is (see Appendix
A for calculation of overlap)
F = | 〈αNL(τ + dτ)|αNL(τ)〉 |2
= 1− dτ2Na(2(2 + 5Na + 2N2a)χ2 + 4(1 +Na)χω + ω2)
(3)
and hence:
H(τ) = 4Na((ω + 2(Na + 1)χ)2 + 2Naχ2) (4)
Where ω = kc is the frequency and Na = |α|2 is the
photon number of the single mode. By noting that
H(rs) = ( dτdrs )2H(τ) and dτdrs = −KL2cr0 , we find the rel-
ative error of the space-time parameter rs is given by:
〈∆rs〉opt
rs
≥ cr0
KLrs
√
Na((ω + 2(Na + 1)χ)2 + 2Naχ2)
(5)
For Na large we see the scaling beyond the conventional
Heisenberg limit of the relative error.
We can generalize this result for the case of higher
non-linearities where the light that propagates through
a non-linear media experiences self-interaction described
by the general Hamiltonian: Hˆ = χ(a†a)q. Where q ≥ 2
and χ is a coupling constant. For large Na the relative
error of the parameter rs is given by (see Appendix B):
〈∆rs〉opt
rs
≥ cr0
KLrs
√
Na(qχN
q−1
a + ω)2
(6)
Clearly, the standard deviation of the space-time parame-
ter scales as 〈∆rs〉opt ∝ 1
qχN
2q−1
2
a
. Since the time dilation
is coupled to the non-linearity, when qχN q−1a >> ω, it
is advantageous to measure the non-linear phase rather
than the linear phase.
A non-linear interferometer - We now propose a de-
vice for realising the enhanced sensitivity suggested by
Eq. 5. We consider the Mach-Zender interferometer
r = rB
r = rA3
1
2
4
Uˆ2 = e
χ∆τ24(a
†)2a2+φ24a
†a
Uˆ1 = e
χ∆τ13(a
†)2a2+φ13a
†a
β
g
FIG. 1: Non-linear interferometer of arm length L in a grav-
itational field. Coherent light passes through a 50/50 beam-
splitter at 1. The phase from 1 to 3 at r = rA is set to
φ13 = 0 and the time interval that light traverses is τ13 =
L
c
.
The effect of the gravitational redshift cancels out and no
phase shift is imposed as light traverses vertically. In the top
and bottom arms, we have a non-linear medium with χ cou-
pling. A phase difference due to slower interaction time with
the non-linearity in the bottom arm is detected after recom-
bining at the second beamsplitter. The time intervals ∆τ13
and ∆τ24 contain the Schwarzschild radius rs. β represents
an adjustable linear phase shift.
shown diagrammatically in Fig 1. We describe the grav-
itational field via the Schwarzschild metric with line el-
ement ds2 = gµνdx
µdxν = −f(r)dt2 + 1f(r)dr2 + r2dφ2
where f(r) = 1− rsr . An observer at a fixed radius r = r0
will measure the proper time τ =
∫
ds =
√
f(r0)t where
t is the proper time measured by an observer at infinite
distance r = ∞. Without loss of generality we have as-
sumed we are in the equatorial plane with dφ the usual
angular coordinate. Let us first consider evolution of a
probe state through the interferometer in Fig 1 without
the Kerr non-linearities.
The output modes can be written in terms of the input
modes as [11]:
bk =
1
2
(ak(e
−ik(φ12+φ24) − e−ik(φ13+φ34))
+ vk(e
−ik(φ12+φ24) + e−ik(φ13+φ34)))
(7)
where ak is prepared in the coherent state and vk in
the vacuum state. The phase shifts in the vertical arms
are equal and so cancel out. Therefore we can set
φ12 = φ34 = 0 without loss of generality. In the bottom
horizontal arm, we can choose the time interval so that
the phase φ13 = 0 and thus ∆xrA,13 = c∆τrA,13. We are
assuming that ∆xrA,13 is sufficiently small that we can
disregard the curvature of space-time in the horizontal
3direction. The unknown is φ24 = ∆xrB ,24 − cn′∆τrB ,24,
where n′ is the first order refractive index of the mate-
rial. In the Schwarzschild metric, the proper time interval
at r = rA is c∆τrA = c
√
1− rsrA∆t = ∆xrA , where ∆t
is the time interval as seen by a far-away observer, and
rs =
2GM
c2 is the Schwarzschild radius. We also know
that at r = rB the proper time is
c
n′
∆τrB =
c
n′
√
1− rs
rB
∆t =
√
1− rsrB
n′
√
1− rsrA
∆xrA . (8)
Since the length of the top arm is the same as the bot-
tom arm we set: ∆x13 = ∆x24 = L, and to simplify
the nomenclature we redefine τ13 = τ1 and τ24 = τ2:
τ2 =
√
1− rsrB√
1− rsrA
τ1 ≈ (1 − rsh2rArB )Lc = (1 − δ)Lc , where we
have defined δ = rsh2rArB . This approximation assumes
rA,B >> rs. The linear phase simplifies to:
φ24 = L− c
n′
τ2 = (1−
√
1− rsrB
n′
√
1− rsrA
)L ≈ (1− 1
n′
+
rsh
2rArBn′
)L
(9)
Now we place two non-linear Kerr media in the top
and bottom arms, we expect a phase shift due to the
same time dilation, but the Kerr non-linear medium in-
duces an additional intensity dependent phase shift. The
Heisenberg evolution of the annihilation operator for the
Kerr non-linear effect is ak(τ) = e
iχτa†kakak [26]. Thus
the output mode of the Mach-Zender non-linear interfer-
ometer is given by:
bk =
1
2
((e−ikφ2+iχτ2a
†
kak − e−ikφ1+iχτ1a†kak+iβ)ak
+ (e−ikφ2+iχτ2a
†
kak + e−ikφ1+iχτ1a
†
kak+iβ)vk)
(10)
We know from Eq. 8 and 9 the measured proper time τ2
and the phase φ2. The time intervals τ1 and τ2 contain
the Schwarzschild radius rs. We also include an addi-
tional adjustable linear phase shift, β.
Estimating the space-time curvature.- To achieve the
optimal error bound, we need to make an appropri-
ate measurement at the interferometer output. We
assume the coherent amplitude of the probe is large
enough to treat as a classical coherent amplitude with
added vacuum fluctuations which are only retained to
first order. Hence writing a = α + δa, this allows
us to approximate the Kerr evolution in the following
way: e−ia
†aχτa ≈ e−i|α|2χτ−iχτ(α∗δa+αδa†)(α + δa) ≈
e−i|α|
2χτ (1− iχτ(α∗δa+ αδa†))(α + δa) = e−i|α|2χτ (1−
iχτ(α∗δa+ αδa†))α + e−i|α|
2χτ δa.
This approximation is justified provided that τχα =
τχ
√
N << 1. Unlike Ref. [10], this is a looser restric-
tion on the parameters τ , χ, and N . By remaining in
the linearized Gaussian regime, it is a good approxima-
tion to work with single mode pulses [27, 28]. Thus, we
continue our analysis in single modes. By applying this
approximation to the interferometer mode at the output
given by Eq. 10, we can write the approximate output
quadrature amplitude at angle θ as:
Xb = b(τ)e
iθ + b†(τ)e−iθ
= |α| cos (θ + ζ2)− |α| cos (θ + ζ1 + β)
− χ|α|2(τ2 sin (θ + ζ2)− τ1 sin (θ + ζ1 + β))X
+
1
2
(Xθ+ζ2 −Xθ+ζ1+β)
+
1
2
(Xv(θ+ζ2) +Xv(θ+ζ1+β))
(11)
where, to simplify the notation, we define ζ1 = kφ1 −
τ1χ|α|2 and ζ2 = kφ2− τ2χ|α|2 where τ2 ≈ (1− δ)τ1. We
find 〈Xb〉 = |α|(cos (θ + ζ2) − cos (θ + ζ1 + β)). There-
fore, the dark port occurs at βdark = ζ2 − ζ1. Not-
ing that dτ2drs = − δrs Lc and
dτ1
drs
= 0 we find the deriva-
tive w.r.t. rs of the quadrature is
d〈Xb〉
drs
= −|α|(kcn′ +
|α|2χ)(dτ2drs sin (θ + ζ2) −
dτ1
drs
sin (θ + ζ1 + β)) = |α|(kcn′ +
|α|2χ) δLrsc sin(θ + ζ2)). The quadrature variance is given
by 〈∆X2b 〉 = χ2|α|4(τ2 sin (θ + ζ2)−τ1 sin (θ + ζ1 + β))2−
χ|α|2(τ2 sin (θ + ζ2)−τ1 sin (θ + ζ1 + β))×(cos (θ + ζ2)−
cos (θ + ζ1 + β)) + 1.
The effect of the non-linearity creates undesirable noise
from anti-squeezing in the axis of rotation. However,
we can optimize for our choice of β to force the vari-
ance to be shot noise. More generally the solution is
sin (θ+ζ2)
sin (θ+ζ1+β)
= τ1τ2 implying that we require β = −θ −
ζ1 + arcsin (
τ2
τ1
sin (θ + ζ2)). Furthermore, the deriva-
tive of the quadrature is |α|(kcn′ + |α|2χ) δLrsc sin(θ + ζ1 +
β)(1 + τ1τ2 ) = |α|(kcn′ + |α|2χ) δLrsc ( τ2τ1 sin (θ + ζ2))(1 + τ1τ2 ).
The optimal measurement angle is θ = π2 − ζ2, and
β = ζ2 − ζ1 − π2 + arcsin ( τ2τ1 ) ≈ ζ2 − ζ1 − 2
√
δ. Thus the
maximum derivative with respect to the Schwarzschild
parameter rs is |α|(kcn′ + |α|2χ) δLrsc (1 + τ2τ1 ).
Putting all this together we are able to estimate the
error bound of the Schwarzschild radius rs. The variance
of the estimator is:
〈∆r2s〉
r2s
=
〈∆X2〉
r2s(
d〈X〉
dτ
dτ
drs
)2
=
〈∆X2〉
r2s |α|2(kcn′ + |α|2χ)2(Lc δrs )2(1 +
τ2
τ1
)2
≈ 1
N(kcn′ +Nχ)
2(Lc )
2( rshrArB )
2(1− rsh2rArB )2
(12)
Where N = |α|2 is the average number of coherent pho-
tons injected into the interferometer. Thus the relative
error of the Schwarzschild radius rs ofM number of mea-
surements is:
〈∆rs〉
rs
=
rArBc
Lhrs(1 − rsh2rArB )
√
MN( ωn′ +Nχ)
2
. (13)
4This can be compared to the Fisher information bound
obtained from Eq. 5 where the lower bound is exact.
〈∆rs〉opt
rs
≥ rArBc
Lhrs
√
MNa((ω + 2(Na + 1)χ)2 + 2Naχ2)
(14)
Although the non-linear interferometer does not saturate
the Fisher bound it does have the same photon number
scaling for large intensities: 1/N3/2, which is beyond the
usual Heisenberg limit.
Beyond-conventional-Heisenberg advantage for mea-
suring space-time curvature.- We now wish to know at
which point the scaling beyond the conventional Heisen-
berg limit becomes apparent. In Fig. 2, we plot the op-
timized error bound of the Schwarzschild radius against
the number of coherent photons for various non-linear
couplings χ. We have optimized this error with respect
to the quadrature measurement angle. We have fixed
the interferometer arm lengths to L = 1 cm to ensure
the condition |α|χτ << 1 for all values of |α|χ in Fig. 2.
Furthermore, the height h = 10 m with light at a cen-
tral frequency of ω = 100 THz and M = 10 GHz of mea-
surements which are reasonable repetition rates [29]. The
∝ 1
N3/2
scaling becomes apparent for increasing num-
ber of photons N . As expected, for stronger coupling
χ, the scaling occurs for less number of photons. The
quadrature measurement (dashed line) follows but never
reaches the ultimate precision bound (Eq.14) represented
by the solid line. We also plot the SNL for interferometer
heights h = 10 m, 102 m and 103 m represented by the
red solid lines. For a pulse with 1018 photons, we’d only
need χ = 0.1 for a precision of 10−8 which is a 4 order
of magnitude improvement over the SQL scaling. State-
of-the-art laser-cooled atom interferometry can measure
gravity with a resolution of 2× 10−8 for a 1.3s measure-
ment [12]. However, this is limited to the SQL scaling.
Future atom interferometers may be able to exploit en-
tanglement resources to approach Heisenberg scaling and
improve up to an order of 103, as well as using a much
longer measurement time [13]. Nonetheless, our optical
scheme has the potential to outperform current state-of-
the-art gravity measuring devices.
By adding the Kerr non-linearities we reduce the area
of the interferometer needed for a particular precision sig-
nificantly. More generally, in terms of the unitless param-
eter y˜ = Nχn
′
ω we find that the effect of the non-linearity
becomes significant when y˜ ≈ 1, and dominates the scal-
ing when y˜ ≈ 100. However, we have previously assumed
the condition χτα = y˜ω L
c
√
N
<< 1 ≈ 0.01. Therefore,
for N = 1015, we have to limit the size of the nonlinear-
ity to L = 0.01c
√
N
100ω ≈ 0.01 m. Comparing the h = 10
m non-linear noise limit and SQL, we see two or more
orders of magnitude improvement equivalent to having a
larger linear interferometer h = 103 m. Thus by intro-
ducing the nonlinearity, we can downsize the interferom-
eter size while keeping the precision the same. We note
that the anti-squeezing noise for an error in the phase β
of ∆β = 10−3 radians only changes 〈∆X2〉 by 1 dB (see
Number of coherent photons N
1015 1020 1025
∆
r s
/r
s
10-15
10-10
10-5
100 χ = 10−6
χ = 10−3
χ = 0.1
χ = 1
χ = 10
FIG. 2: Error bound of the Schwarzschild radius plotted
against number of coherent photons for various nonlinearity
couplings of interferometer arm size L = 1 cm and height
h = 10 m. The solid lines represent the exact lower bound
for the best possible measurement. The dashed lines are
the quadrature measurement error bounds. These lines ter-
minate before the condition |α|χτ << 1 is violated. The
solid black line is the case where squeezing of all photons is
used to enhance the sensitivity, however small amounts of loss
(ǫ = 1−10−6) means the scaling is still at the SQL. From top
to bottom, the red solid lines represent the SQL limit for a
linear interferometer of heights h = 10 m, 102 m and 103 m.
(Other parameters: Number of measurements M = 1010, the
central frequency ω = 100 THz and the radius rA = 6.37×10
6
m (Earth’s radius))
Appendix C) and thus ∆rs/rs only increases an order of
magnitude. Our scheme allows us to measure standard
error in the phase of 10−10 radians in a single shot mea-
surement, thus the added noise is negligible and doesn’t
affect ∆rs/rs.
The effect of loss - Whilst loss has a highly detrimen-
tal effect on the resolution improvements achieved via
squeezing, it has a much smaller effect on the non-linear
interferometer. We can model loss introduced due to
non-unit detection efficiency via a beamsplitter of trans-
mission ǫa after the non-linearities, and insertion losses
on the probe via a beamsplitter of transmission ǫb before
the non-linearities. These effects are straightforward to
incorporate in the model (see Appendix E) giving the
revised error bound:
〈∆rs〉
rs
=
rArBc
Lhrs(1− rsh2rArB )
√
ǫaǫbN(
ω
n′ + ǫbNχ)
2 (15)
The loss reduces the effective size of the coherent am-
plitude but does not change the beyond-conventional-
Heisenberg scaling. In contrast, a squeezed coherent
state will rapidly lose its non-classical properties through
a lossy quantum channel. In Fig. 2 we have plotted for
comparison the performance of an equivalent linear in-
terferometer with squeezed light injected [30]. As shown,
5the presence of a very small amount of loss keeps the
scaling at the SQL whilst having virtually no effect on
the non-linear interferometer.
Experimental feasibility.- Surpassing the conventional
Heisenberg limit for the parameter χ, rather than τ was
recently demonstrated experimentally [31]. The energy
scaling could be seen in a regime of low photon num-
bers by canceling the linear phase. Unlike our approach,
quantum fluctuations were not considered and a strict
condition of χτN << 1 was imposed, limiting the pho-
ton number to N < 108. In our proposal, the values of
the non-linearity χ and number of photons N at which
we get a significant improvement in the precision of rs are
more challenging but may become available in the future.
We note that the Kerr non-linearity constant depends on
the pulse duration and the finite time of interaction of the
single mode [27]. Our definition of χ describes an effec-
tive nonlinearity that is determined from classical theory
(see Appendix D). For femto-second pulses in glass fi-
bre the non-linearity is χ ≈ 10−6 which would require
over 1020 photons per pulse to see the enhancement. In
Ref. [32], 30 femto-second pulses at ω = 100 THz fre-
quency with P = 440 GW peak power were produced,
corresponding to N = 1018 photons per pulse, too low
to observe the non-linear phase difference in glass fibre.
However, in Ref [2], pico-second pulses in photonic crys-
tal fibres were shown to exhibit a much larger nonlin-
earity of χ ≈ 6 which implies from our results that over
N = 1015 photons are needed. A further requirement is
to ensure that the nonlinear material can withstand in-
tense pulses without optical damage, Kerr saturation or
plasma cladding [34–36].
Conclusion. We have studied the problem of estimat-
ing the phase shift due to the general relativistic time
dilation in the interference of photons. We have iden-
tified that a non-linear interferometer with Kerr non-
linearities χ in both arms couples to the space-time via
a non-linear phase difference φNL. The quantum error
bound of the Schwarzschild radius was found to scale
beyond the Heisenberg limit for a coherent probe state
input. In principle, non-linear interactions of order q ≥ 2
would scale ∝ 1
Nq−
1
2
. We analysed a sub-optimal quadra-
ture measurement that nevertheless shows the same scal-
ing. We found that our non-linear interferometer is more
practical against loss compared to using squeezed coher-
ent states. Finally, we believe that we are within reach
of future experiments.
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Appendix A: Calculation of coherent state overlap
in equation 3
We consider the coherent state undergoing the non-
linear evolution UNL = e
−iχτ(a†a)2 . To determine the
fidelity F = | 〈α(τ)|α(τ + dτ)〉 |2 for a small change in the
measured parameter τ , we first determine the overlap:
〈αNL(τ + dτ)|αNL(τ)〉 = e−|α|
2
∞∑
n=0
(|α|2e−iχdτ(n+1)+ikcdτ )n
n!
≈ e−|α|2
∞∑
n=0
|α|2neinkcdτ
n!
(1 − iχdτ(n+ 1)n
− χ
2dτ2(n+ 1)2n2
2
)
= e−|α|
2(1−eikcdτ )(1− iα2eiωdτ (2 + α2eiωdτ )χdτ
− |α|
2eiωdτ
2
(4 + 14eiωdτ |α|2 + 8e2iωdτ |α|4
+ e3iωdτ |α|6)χ2dτ2)
(A1)
Expanding and only retaining terms up to second order
in dτ gives Eq. 3 in the main text.
Appendix B: Approximate Quantum Fisher
Information for q order non-linearity
We want to determine the Cramer-Rao bound
for q order non-linear interaction with Hamiltonian
H = χ(a†a)q. We can approximate the unitary evo-
lution using a ≈ |α| + δa for very large coherent
amplitude. Thus, the evolved coherent state be-
comes eiχτ(a
†a)q |α〉 ≈ eiχτ |α|2q(1+ qδa
†
|α|
)(1+ qδa
|α|
) |α〉 ≈
eiχτ |α|
2q
eiχτq|α|
2q−1(δa†+δa)e|α|(δa
†−δa) |0〉 ≈
eiχτ |α|
2q |α(1 + iqχτ |α|2(q−1))〉. In general, for q ≥ 2,
〈αNL(τ + dτ)|αNL(τ)〉
= e
|α|2
2 |(1−iqχ(τ+dτ)|α|2(q−1))eikc(τ+dτ)−(1−iqχdτ |α|2(q−1))eikcτ |2
≈ e− |α|
2
2 (qχ|α|2(q−1)dτ+kcdτ)2
(B1)
Therefore, the fidelity is
F = 1−N(qχN q−1 + kc)2dτ2 (B2)
And the Quantum Fisher information is:
H(τ) = 4N(qχN q−1 + kc)2 (B3)
Appendix C: Quadrature noise
We consider the effect of how a systematic error in the
choice of the phase β can change the amount of noise.
For the parameters χ = 0.1 and N = |α|2 = 1017, we
choose θ+ ζ2 =
π
2 and β is the independent variable. As
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FIG. 3: Quadrature noise at the chosen measurement angle
θ = pi
2
− ζ2. For approximately ∆β = βa − β = 1.5 × 10
−3
corresponding to a large systematic phase error, we only have
an increase of 1 dB of noise.
it turns out, for a small off-set from the optimum point
of 10−3 radians in this β phase, less than 1 dB of noise
is added (see Fig. 3 graph). This doesn’t seem to be a
major issue since we predict a δrs/rs = 10
−3 and thus
we can detect an absolute change of 10−10 radians in the
phase for a single shot measurement. Therefore, a large
systematic error doesn’t add significant noise to destroy
the beyond-conventional-Heisenberg scaling.
Appendix D: Experimental feasibility
In Fig. 4, we present the relative Schwarzschild error
bound plotted against the unitless parameter y˜ = Nχn
′
ω .
Thus, we can rewrite the error bounds as:
〈∆rs〉
rs
=
rArBcn
′
Lhrsω(1− rsh2rArB )
√
MN(1 + y˜)2
(D1)
And
〈∆rs〉opt
rs
≥ rArBcn
′
2Lhrsω
√
MNa((1 + 2y˜ + 2χ)2 + 2y˜χ)
(D2)
Where M is the number of single shot measurements.
From these expressions, we expect that the turning point
at which the non-linearity becomes significant is approx-
imately when y˜ ≈ 10. As seen in Fig. 4, for a fixed
number of photons N and central frequency ω, there is
approximately an order of magnitude improvement over
a SNL linear interferometer. A conservative estimate of
χ for N = 1015, 1017, 1020 respectively is χ = y˜ωN = 1,
10−2 and 10−5. Let’s consider the case of χ = 10−5 for
which the number of photons per ∆t = 30 fs pulse dura-
tion is N = 1020 withM = 1010 number of measurements
would correspond to a peak power of P = N~ω∆t ≈ 4×1013
W=40 TW (Average power P˜ = 10 GW). On the other
hand, for a stronger linearity of χ = 1, the peak power
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FIG. 4: Error bound of the Schwarzschild radius plotted
against the unitless quantity Nχ
ω
for various N and fixed
length L = 1000 m and h = 1 m. From top to bottom,
each colour represents N = 1015, N = 1017 and N = 1020.
The solid lines represent the theoretical quantum error bound.
The dashed represent the quadrature measurement. The dot-
ted lines represent the shot noise limit for a linear interferom-
eter. (Other parameters are M = 1010)
required to see the enhancement with N = 1015 photons
per pulse would reduce to P = 400 MW and an aver-
age power of P˜ = 100 kW. We note similarities in these
values with Ref. [1].
The definition of the nonlinearity constant χ′ in Ref.
[1] is slightly different from our definition. Namely, χ′
represents the phase shift per unit photon. It is defined
as:
χ′ =
n˜
n0
~ω
A∆t
(D3)
Where n˜ is the second order refractive index from the
expansion n = n0 + n˜I, A is the area of the pulse, and
∆t is its duration. Thus, the nonlinear phase shift per
photon can be increased by reducing the area and the
pulse duration. It follows that the phase shift is given
by φ′NL =
n0ωL
c
χ′
2 N . Comparing with our phase shift
φNL =
L
c χN , the relation between our non-linear coeffi-
cient and that in Ref [1] is χ = n02 ωχ
′.
The values of the nonlinearities quoted in the main
text are based on converting the given formula of the
phase φNL = |α|2χτ from the values given. For example,
a nonlinear phase shift of 10−8 − 10−7 with the given
fibre length of L = 4.5 m in Ref. [2] for a single photon
correponds to χ = 1 to χ = 6. The same calculation was
done for the optical fibre.
Appendix E: Including loss
The effect of loss on the non-linear interferometer -
Whilst loss has a highly detrimental effect on the res-
olution improvements achieved via squeezing, it has a
much smaller effect on the non-linear interferometer. We
can model loss introduced due to non-unit detection ef-
ficiency via a beamsplitter of transmission ǫa after the
8non-linearities, and insertion losses on the probe via a
beamsplitter of transmission ǫb before the non-linearities.
These effects are straightforward to incorporate in the
model giving the revised error bound:
Loss after the non-linearity leads to e−ia
†aχτa →
e−ia
†aχτ√ǫaa+
√
1− ǫad and after the beamsplitter be-
comes:
Xb = b(τ)e
iθ + b†(τ)e−iθ
=
√
ǫa|α| cos (θ + ζ2)−√ǫa|α| cos (θ + ζ1 + β)
− χ|α|2(τ2 sin (θ + ζ2)− τ1 sin (θ + ζ1 + β))√ǫaδXa
+
√
ǫ
2
(δXa(θ+ζ2) − δXa(θ+ζ1+β))
+
√
1− ǫ√
2
(δXd(θ+ζ2) − δXd′(θ+ζ1+β))
+
√
ǫ
2
(Xv(θ+ζ2) +Xv(θ+ζ1+β))
(E1)
And the variance is:
〈∆X2b 〉 = ǫaχ2|α|4(τ2 sin (θ + ζ2)− τ1 sin (θ + ζ1 + β))2
− ǫaχ|α|2(τ2 sin (θ + ζ2)− τ1 sin (θ + ζ1 + β))
× (cos (θ + ζ2)− cos (θ + ζ1 + β)) + 1
(E2)
For the optimal angle, the variance reduces also to shot
noise 〈∆X2〉 = 1. Loss before the non-linearities simply
reduces the input photon number by the factor ǫb. There-
fore, the error bound for the combined case of having loss
before and after the non-linearities is:
〈∆rs〉
rs
=
rArBc
Lhrs(1 − rsh2rArB )
√
ǫaǫbN(
ω
n′ + ǫbNχ)
2 (E3)
The loss reduces the effective size of the coherent ampli-
tude but does not change the super-Heisenberg scaling.
In contrast, a squeezed coherent state will lose its non-
classical properties through a lossy quantum channel. In
Fig.2 of the main text we have plotted for comparison
the performance of an equivalent linear interferometer
with squeezed light injected [3]. As shown, the presence
of a very small amount of loss destroys the advantage
of the squeezing whilst having virtually no effect on the
non-linear interferometer. The ultimate limit for a lossy
interferometer with squeezed coherent probe states is [3]:
〈∆rs〉
rs
≥ rArBcn
′
2Lhrsω
√
ǫNc
1−ǫ+ǫe−2r + ǫNs
(E4)
WhereNc andNs is the number of coherent and squeezed
photons, respectively. We assume the squeezing parame-
ter r is positive and very large. Consequently, for signif-
icant loss ǫ << 1, the Heisenberg scaling of ∝ 1N is lost
for the optimal number of squeezed photons Ns = Nc
and reduces to the SNL. Loss on the order of ǫ ≈ 1− 1Nχ
where Nχ is the turning point of the scaling for the re-
spective value of the non-linearity is enough to destroy
the Heisenberg scaling as seen in Fig. [2] of the main
text. On the other hand, our non-linear interferometer
setup requires only a 1ǫ increase in the input number of
coherent photons to compensate for the loss.
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